We give necessary and sufficient conditions for the Kurzweil-Henstock integrability of functions given by f = ∞ n=1 x n χ E n , where x n belong to a Banach space and the sets (E n ) n are measurable and pairwise disjoint. Also weakly completely continuous operators between Banach spaces are characterized by means of scalarly Kurzweil-Henstock integrable functions.
Introduction
In [2] the Kurzweil-Henstock and the Kurzweil-Henstock-Pettis integrability of strongly measurable functions is studied. In particular, if f = ∞ n=1 x n χ E n , where x n belong to a Banach space and the sets (E n ) n are measurable and pairwise disjoint, a sufficient but not necessary condition for the Kurzweil-Henstock integrability of f is given. Here we completely characterize the Kurzweil-Henstock integrability of such functions (Theorem 2). In [3] , [11] and [13] absolutely summing operators between Banach spaces are characterized by means of Pettis and McShane integrable functions. In this paper we continue the investigation of the relations between operators and vector valued integrals which are defined by means of the scalar Kurzweil-Henstock integrability. In Theorem 4 we prove that if u is a weakly completely continuous operator between two Banach spaces, then it maps a subfamily of measurable scalarly Kurzweil-Henstock integrable functions in the family of Kurzweil-Henstock-Pettis integrable ones. Moreover we prove that for measurable functions the operators that map the family of scalarly Kurzweil-Henstock integrable functions in the family of Kurzweil-Henstock-Pettis integrable functions are the ones and only ones which are weakly completely continuous (Theorem 6). As a consequence of this fact it follows that if an operator u fixes a copy of c 0 , then a scalarly Kurzweil-Henstock integrable function is mapped in a function which is scalarly Kurzweil-Henstock integrable, but not Kurzweil-Henstock-Pettis integrable. Also a direct proof of this result is given (Theorem 7). 
Definitions and notations
From now on X and Y are real Banach spaces with dual respectively X * and Y * .
Definition 1.
We recall the following classical definitions. 
Clearly the family of scalarly KH-integrable functions is a subset of that of KHP-integrable functions. The KHPintegral has been studied in [6] and [7] . Moreover different conditions that guarantee the KHP-integrability of a scalar KH-integrable function were given.
A characterization of strongly measurable KH-integrable functions
It is known that (see [10, Proposition 1.1.9]) if f is strongly measurable, then f = g + h where h is a bounded function and g = ∞ n=1 x n χ E n , where x n are vectors of X and the sets (E n ) n are Lebesgue measurable and pairwise disjoint. As each bounded and strongly measurable function is Bochner integrable, it is enough to consider only the integrability of the function g = ∞ n=1 x n χ E n . So, from now on, we will assume that f = ∞ n=1 x n χ E n , where x n are vectors of X and the sets (E n ) n are measurable and pairwise disjoint. Observe that there are functions f = ∞ n=1 x n χ E n which are KH-integrable, the series
We want to give conditions for the KH-integrability of strongly measurable functions. We will use the following theorem, which can be proved, as in the real case. [1, Theorem 8.12, p. 125] or [8, Theorem 5] 
Theorem 1. (See
The following characterization holds.
be a strongly measurable function. Then f is KH-integrable and
(KH) 1 0 f = ∞ n=1 x n |E n | if
and only if the following condition holds:
(1)
Proof. Assume that f is KH-integrable and (KH)
Observe that every f n is Bochner integrable and also KH-integrable with (KH)
and also
By Theorem 1, (2) and (3) implies that for each ε > 0 there is a gauge δ such that if
which implies that (1) holds true. 
Now, if we let m → ∞, we have for n > k k P ,
Moreover if n > m > k k P , by (1) and (4), we get
Therefore from the previous inequalities it follows that
and, since the space X is complete, the series
It remains to prove that f is KH-integrable and (KH)
If n > k 1 k k P , by (1), (5) and (6) σ (f,
and the assertion holds true. 2 Proof. The necessity is obvious. In order to prove the sufficiency, assume that the series 
Set M = sup n x n and define δ(t) on [1, ∞) as follows: (1) 
Weakly completely continuous operators and scalarly KH-integrable functions
Let L(X, Y ) be the space of continuous linear operators from X to Y . We recall the following definition.
Definition 3. An operator u ∈ L(X, Y ) is said to be weakly completely continuous if it maps weakly Cauchy sequences into weakly convergent sequences.
Observe that weakly compact operators are weakly completely continuous [5, p. 54] . Moreover, if X = C(K) is the Banach space of continuous functions on a compact space K, then every u ∈ L(X, Y ) which is weakly completely continuous is weakly compact [9] .
In [12] , Pelczynski introduced property (V). A Banach space X is said to have property (V) if for every Banach space Y every unconditionally converging operator u : X → Y is weakly compact. If u : X → Y is weakly completely continuous it is unconditionally converging. Indeed let ∞ n=1 x n be a weakly unconditionally converging series, then since u is weakly completely continuous, Reflexive spaces, the disk algebra, the poly-disc algebra and all C * -algebras have property (V).
We have the following.
be a strongly measurable function and let u ∈ L(X, Y ). Assume that f is scalarly KH-integrable and that for each I ⊂ [0, 1] the following condition holds:
For each x * ∈ X * and for each ε > 0 there is a gauge δ on 
Moreover for each
Proof. It follows by Theorem 2 that condition (8) guarantees that for each x * ∈ X * the function x * f is KH-integrable and for each
Since for each x * ∈ X * the real sequence
|E n |x n is a weakly Cauchy sequence. As u is weakly completely continuous, the series 
Since u ∈ L(X, Y ), the function u • f is scalarly KH-integrable. Observe that, for each n ∈ N the function u • f n = n k=1 u(x k )χ E k is Bochner integrable and a fortiori KHP-integrable and for each y * ∈ Y * ,
Now let u * : Y * → X * be the adjoint operator of u. Since u * y * , x = y * , u(x) , by (8) it follows that for each y * ∈ Y * and for each ε > 0 there exists a gauge δ such that if P = {(I i , t i ), i = 1, . . . , p} is a δ-fine partition of [0, 1], there exists K P ∈ N such that for all n > K P we get
Therefore applying Theorem 2, by (10) we get that
Thus by (9) and (11) we get that the function u • f is KHP-integrable and the assertion follows. 2
If the space X is weakly sequentially complete, the identity is a weakly completely continuous map, then by the previous theorem it follows For each x * ∈ X * and for each ε > 0 there is a gauge δ on
Then f is KHP-integrable. 
As f is countably valued, it is strongly measurable. Let x * ∈ X * , we want to prove that x * f is KH-integrable. Fix 0 < ε < 1 and let N be a positive integer such that for each n > N,
and
Moreover let M > 1 be such that |x * (x n )| < M for all n and define δ on [0, 1] as follows:
where dist(t, ∂I n ) denotes the distance of t from the boundary of I n . Let P = {(J i , t i ): i = 1, . . . , p} be a δ-fine partition of [0, 1] and assume that each tag of P occurs as an endpoint. Since ([0, β] , 0) belongs to P and also each interval in P that has a nonzero tag is contained in some I n . Let q > N be such that β ∈ (2 −q , 2 −q+1 ]. For each 1 n q, let P n be the subset of P that has intervals in I n . Assume 1 n q. Both 2 −n and 2 −n+1 are tags of P n and their associate terms contribute nothing to σ (x * f, P n ). Moreover we have that σ (x * f, P n ) = l n x * (x n ), where l n is a constant such that
Then by (12) , (13) and (14) it follows
Then the function x * f is KH-integrable and also (KH)
Therefore f is scalarly KH-integrable and inequality (8) 
It follows that the function u • f is scalarly KH-integrable, but it is not KHP-integrable.
Observe that from the previous example and Theorem 4 we have the following: In the same hypotheses of Theorem 4, the following theorem is a consequence of the same Theorem 4 and of Corollary 5, but it is true in a more general setting. 
